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Applications of Definite Integration

 TypeofProblems |  Exercse

7.1 Q.1to 4
Practice Problems Qltos
Area of region bounded by Curves, (Based on Exercise 7.1) ‘
axes and the given lines Miscellaneous Exercise 7 Q.IV (1,3,4,5,6,7)
Practice Problems
(Based on Miscellaneous Exercise 7) Qull; 3,49, 6,7
Miscellaneous Exercise 7 Q.IV (2)
Area between two curves Practice Problems Q.2
(Based on Miscellaneous Exercise 7) ’
° Syllabus o
*  Area under the curve
2.y =—dax
2= Yy ad
(=)
L I
Introduction \:\ cTs
X =
Definite integration has a large number of applications X' “SCa, 0); o |z X
in Science, Engineering, and various fields. It involves J
the geometrical applications of definite integrals, L
particularly in finding area under the curve. vio4

To find the area, we first draw the sketch (if possible) 3.
of the curve which encloses the region. For evaluation
of area bounded by the given curves, we need to know
the nature of the curves and their graphs. The shapes
of different types of curves are as follows:

Standard forms of parabola and their shapes:

1. y =4ax
dyY
M
° P(x, y) 4.
e LV
Pl sy
Ll
‘YV’ ? = dax
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Standard forms of ellipse and their shapes:

2 2
1. x—2+%=1(a>b):
a

Area under the curve )

i. The area ‘A’ bounded by the curve y = f(x),
X-axis and bounded between the lines x = a and
x =Db (see the figure below) is given by

A = Area of the region PRSQ

A= _Tydxzx.:[bf(x)dx

=a

Y
f(x) Sé/
R_y=1x
/]
x=a A x=b
X'+ [9) P Q >X
Yf

il. The area ‘A’ bounded by the curve x = g(y),
Y-axis and bounded between the lines y = ¢ and
y = d (see the figure below) is given by

A = Area of the region PRSQ

d y=d
A= [xdy= [ gy)dy

y=c

iii.

Y
4
Qfrs
=
Il
A aQ
<
R
pRULIL R
X'%O —X
v
YI

The area of the shaded region bounded by two
curves y = f(x) and y = g(x) as shown in the
figure is given by

x=b x=b

[ ferydx— [ glx)dx

x=a =

A=

where the curves y = f(x) and y = g(x) intersect
at the points [a, f(a)] and [b, f(b)].
Y

h

y = flx)

Remarks:

1.

il.

iii.

If the area of the curve which lies below the
X-axis and bounded by the lines x =a, x =b is
negative, then in such a case, we consider the
absolute value.

Xe—

y = flx)

v
Y’

required area =

T f(x) dx‘

The area of the portion lying above the X-axis
is positive.

The curve which lies above as well as below the
X-axis is as shown in the figure. Area A; < 0
and A, > 0, then total area is given by
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A= |A1| + A= ‘If(x)dx + if(x)dx
T a t
l
x=a
X' L >X
111 t =
0] W x=Db
Y/
L
\ ¥

1. Find the area of the region bounded by the
following curves, the X-axis and the given lines:

i y=x'x=1,x=5 [Mar 19]
i. y=A+6x+4,x=0,x=2
iii. y=416-x",x=0,x=4
iv. 2y=5x+7,x=2,x=8
v. 2y+x=8x=2,x=4 [Mar 16]

VI. y=x2+1,x=0,x=3
Vii. y=2—x2,x=—1,x= 1
Solution:
1. Let A be the required area.
Consider the equation y = x*.
:5 :S4 :|:x5j|52155
A= raes ras [ 2] = 40T

1

_ 1 5 1\S
= G-

=13125-1)
5
A = % $q. units.

il. Let A be the required area.
Consider the equation y = v/6x+4 .

A= [t = [Verradr
0 0

Il
—_—
—
[*))
=
+
S
~—
©

0

_ {(6)3“4); _ %[(6”4);}2
2

0

[(6><2+4)%—(6><()+4)ﬂ

[(16)% —(4)3]

= é [(42)%—(22)ﬂ
1 3 3
=5 [(4) - (2)]
1,

= L(e4-8)

A=28 $q. units.
9
Note: Answer given in the textbook is 6 Sq. units.
g 3 q

However, as per our calculation it is % sq .units.]

iii.  Let A be the required area.

Consider the equation y = \16-x" .

A= j‘ydx: j\/16—x2 dx

(4)" = (x)dx

£ ]

[
{%me%sin"[%H
- {gm + 176sin'l (%H

=[2(0) + 8sin™' (1)] — [0 + 0]

=8x T
2

A = 4m sq. units.

© Gy

iv.  Let A be the required area.
Consider the equation 2y = 5x + 7.
Sx+7
2

Le.,y=

8 s 8
A= jydx = jsx” dx = lj(5x+7)dx
2 2 2 22

[(160+56)—(10+14)]

(216-24)

= = N~

x192

A =96 sq. units.
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V. Let A be the required area.
Consider the equation 2y + x = 8.

)

[(32-8)—(16-2)]

\S)

N | =

N | =

(24-14)

| —

x10

A =5 sq. units.

vi.  Let A be the required area.
Consider the equation y = x>+ 1.

A= :[ydxzj;(xz +1)dx
5]
(%3}_(0)

=09+3)
A =12 sq. units.

vii.  Let A be the required area.

Consider the equation y =2 — x°.

A= ? sq. units.

2. Find the area of the region bounded by the
parabola y2 =4x and the line x =3. [July 17]
Solution:

Y

ﬂk
Pl ——

x=3
X% RGO
o ——_ V' =4x
y A
Y!
Given equation of the parabola is y* = 4x
y= 2Wx ...[" In first quadrant, y > 0]

and equation of the line is x = 3
Required area = area of the region OQRPO
= 2 (area of the region ORPO)

3
=2.(I).ydx

3
:2£2\/}dx

3
=4.([«/;dx

=4 jx”z dx
0

3

- 3a)

Required area = 8 \/g sq. units.

@3. Find the area of circle x +y2 =25.

Solution:
By the symmetry of v
the circle, required
area of the circle is Q(0, 5)
4 times the area of the x* +)* =25
region OPQO. X' »X
For the region OPQO, O P(5, 0)
the limits of ’
integration are x = 0
and x = 5. Y’
Given equation of the circle is
X+ y2 =25.
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y=25-x"
y=:£,25-x°
y=425-% ...[ In first quadrant, y > 0]

Required area = 4 (area of the region OPQO)

= 4x iy.dx
0

= 257 sq. units.

i |

Area of the circle x* + y* = is mr” sq. units.
Here, =25 |
Required area = 257 sq. units

2 2

@ 4. Find the area of ellipsex— +2 =1,
4 25

[Oct 14; July 19]
Solution:

1
Q. 5)

- %
25

X'e >

ojp(z, 0) X

v’

L
"\<

Il
—

By the symmetry of the ellipse, required area of

the ellipse is 4 times the area of the region
OPQO.

For the region OPQO, the limits of integration

arex=0and x =2.

2
X

2
Given equation of the ellipse is ” +2 =1

R
5 4
X

2 zj 25 2
=25|1- =2 (4-
o 2 Be
=i%«l4—x2
22«14—x2
2

Required area = 4(area of the region OPQO)

4jydx:4j§mdx

l\)l‘<:

y
y ...[ " In first quadrant, y > 0]

2
:4X5J. (2)2_x2dx
0

2
_ X [ oy2 2 (2)2 .1 X ’
- 10 |:E (2) —X +TSIH (EJ:L
=10 {Bw/(z)2 -2 +%sm-‘ [%ﬂ
0 —5——= (2 . (0
— E (2) —(0) +TSIH [Ej

=10{[0+2sin"' (1)] - [0+ 0]}

= IO(ZXEJ
2

= 107 sq. units.

7

2
Area of the ellipse % o

2
+ L =1 is
7 ab sq. units.
Here,a=2,b=5

Required area = 1t (2) (5) = 10 « sq. units

Ve

I. Choose the correct alternative.
1. Area of the region bounded by the curve x* = y,
the X-axis and the lines x = 1 and x = 3 is

26 . 3 .
A) = sq. unit B) — sq.unit
(A) 3 sq. units (B) 2 sq. units

(C) 265sq. units (D) 3 sq. units
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2. The area of the region bounded by y* = 4x, the
X-axis and the lines x =1 and x =4 is
(A) 28 sq. units (B) 3 sq. units

©) % squnits (D)
[Note: Option (C) has been modified.]

3 sqg. units
28

3. Area of the region bounded by x* = 16 y, y = 1
and y = 4 and the Y-axis, lying in the first
quadrant is

(A) 63 sq. units (B) sq. units

3
56
©) ? sqg. units (D) 63 sq. units
4. Area of the region bounded by y = x*, x = 1,
x =5 and the X-axis is
3142 3124

(A) —~ sq. units (B) — sq. units
(©) %m wits (D) % sq. units

5. Using  definite area of circle

integration,
X+ y2 =251s

" ®)

(A) 5msq. units 47 sq. units
(C) 257 sq. units (D) 25 sq. units
Answers:
1. A 2. ©) 3. < 4 (B)
5. ©
Hints:

3

3
1.  Required area = J' ydx = j x*dx
1 1

Il
1
w|><w
| —
= o

1 23 .3
=-3-1
3-1)
~Loron
3
26 .
= ~—= sq.units
3
2 Y
V= 4x
X'*0 *X
{(rx:lx:4

4
Required area =2 I ydx
1

=2 IZx/;dx
1

1
8 3 3
=—1(4)2—(1)
@ -0p)
8
=—-(8-1
-1
=36 $q. units
3
3. Y
y=4
=16y
y=
X' > X
O
YV
4
Required area = J xdy
1
= [y av
1
4
}
4|2
M
24
8, 2
== 1(4)2 —(1)2
@0y
8 B .
= 5(8— 1) = = sq. units
4, Refer Exercise 7.1 Q.1 (i).
5. Refer Exercise 7.1 Q.3.
II.  Fill in the blanks.
1. Area of the region bounded by y = x*, x = 1,
x =5 and the X-axis is .
2. Using definite integration, area of the circle
2. 22 40;
X+ 3y =491s
3. Area of the region bounded by x* = 16y, y = 1,
y =4 and the Y-axis, lying in the first quadrant
is .
4. The area of the region bounded by the curve
x> =y, the X-axis and the lines x =3 and x = 9 is
5.

The area of the region bounded by y* = 4x, the
X-axis and the linesx =1 and x =4 is .
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Answers:

1. % sq. units 2. 49 7 sq. units
56 . .

3. 5 sq. units 4, 234 sq. units

5. ? sq. units

Hints:
1. Refer Exercise 7.1 Q.1 (i).

2. Area of the circle x* + y* = r* is mir” sq. units.
Here, * =49
Required area = 49 7 sq.units

3. Refer Miscellaneous Exercise 7. Q.1 (3).

9
4. Required area = J' ydx
3

&

Il
1 we—o
L
w =l

w|><w

(9 -3

Il
W | —

W | —

(729 - 27)

3
(=3
\S}

= 234 sq.units

b |

[Note: Answer given in the textbook is 7?0 sq.units.

However, as per our calculation it is 234 sq.units.]

5. Refer Miscellaneous Exercise Q.1 (2)

[Note: Answer given in the textbook is % sqg.units.

. ... 56 .
However, as per our calculation it is 5 $q. units. ]

III. State whether each of the following is True or
False.
1. The area bounded by the curve x = g (), Y-axis

and bounded between the lines y=cand y =d is
d y=d

given by Jx dy = J. g(y) dy.

c y=c
2. The area bounded by the two curves y = f (x),

If(x)dx—i[g(x)dx‘ .

y =g (x) and X-axis is

3. The area bounded by the curve y = f(x), X-axis

_:ff(x) dx‘ .

and linesx=aand x =b is

4. If the curve, under consideration, is below the
X-axis, then the area bounded by curve, X-axis
and lines x = a, x = b is positive.

5. The area of the portion lying above the X-axis is

positive.
Answers:
1. True 2. False 3. True
4. True 5. True
Justification:

2. The area bounded by two curves y = f(x),

¥ =g (x) and X-axis is 'Tf(x) dx — .Tg(x) dx‘ .

4. Area is always positive.
[Note: Answer given in the textbook is
‘False’. However, we found that it is “True’.]

IV. Solve the following.

1. Find the area of the region bounded by the
curve xy = cz, the X-axis, and the lines x = ¢,
x=2c.

Solution:

. . . 2
Given equation of the curve is xy = ¢
2

C
y = —
X
2¢ 2¢ CZ
Required area = J.y dx = J‘—-dx
X
2¢ 1
=c? J. (—j dr=c¢? [logx]iC

X

c

= c*(log 2¢ — log ¢)

2 (20)
=c log | —
C

=¢? log 2 sq. units.

2. Find the area between the parabolas y2 =Tx
and x* = Ty.
Solution:
Given equations of the parabolas are y2 =T7x
..()
and x* = Ty.

2
X

)

From (i), we get
y=A/7x ...@1)[ .+ In first quadrant, y > 0]
Find the points of intersection of y* = 7x and
X = Ty.

Substituting (ii) in (i), we get

5 2
[X—J =Tx
7
=343 x
¥ —343x=0

...(i)
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x (¥ —=343)=0
x=0orx’ =343="7°
x=0orx=7

Y
=17y ‘
B(7,7 V' ="Tx
C |
Al
< 1
X O D(7, 0) X
Y!

Whenx=0,y=0and whenx=7,y=7
The points of intersection of y* = 7x and x* = 7y
are O(0, 0) and B (7, 7).
Draw BD 1 OX
Required area = area of the region OABCO
= area of the region ODBCO
— area of the region ODBAO

= area under the parabola y* = 7x
— area under the parabola x* = Ty

_ jﬂ dx jx; dr ..[From (iii) and (ii)]
= Sl dee Ll
—ﬁ!x dx 7‘([x dx
B x% 117 _ 27 %
=115 -5 5] - 5 [0
2;
— 1) 0]
21

27

T(N—) == (343)
98 49 49

= __——-— = — sq. units
3 3 3 4

>

The area of the region bounded by y* = 4ax
and x* =4ay is @ sqg. units.

7
Here,a= —

=l
4 4

w

Required area = = ? $q. units

3. Find the area of the region bounded by the
curve y = x? and the line y=10.

Solution:
Given equation of the curve is
y=x
x= \/; ...[* In first quadrant, x > 0]
2
Yy ry=xX
, 10)
« P = »y=10
X'« 0 >X
Y!

Required area = area of the region ORQPO
= 2 (area of the region ORQO)

10
=2 J.xdy
0

=2 T\/;dy
100 1

=2 [y dy
0

10

Il
NS}
w5,

wl.p W

[ o]
(10J_)

$q.units

2 2
(V/4. Find the area of the ellipse i‘—6 +2 =1

9
Solution:
By the symmetry of the ellipse, required area of
the ellipse is 4 times the area of the region
OPQO.
For the region OPQO, the limits of integration
arex =0 and x =4.

Y
Y
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Given equation of the ellipse is % + %2 =1
Yy x
9 1
2
ol
- % (16 - )

...[* In first quadrant, y > 0]

y= %1/16 -x

Required area = 4(area of the region OPQO)

=3{[0+8sin"' (1)]—[0+0]}

(o)

=12 1 sq. units

5. Find the area of the region bounded by y = X,
the X-axisand x=1,x=4.
Solution:

Y'r x=4
4
Required area = _[ ydx
1

4
=jx2dx
1

<]

Il
|— W~ w
—~
N
>
|
—
~

6. Find the area of the region bounded by the
curve x* =25y, y =1,y =4 and the Y-axis.

Solution:

Given equation of the curve is x* = 25y

x=5.y

Required area = area of the region PRSVP
= 2 (area of the region QRSTQ)

...[ - In first quadrant, x > 0]

4
=2dey

1
=2j4.5\/; dy

1

4 1
=10 Iyady
1

140 .
= T Sq. units

[Note: Answer given in the textbook is

70 . .
5 sq. units. However, as per our calculation it

. 140 .
1s =5 sq. units. ]
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7. Find the area of the region bounded by the
parabola y* = 25x and the line x = 5.

Solution:

Yf
Given equation of the parabola is y* = 25x
y=5Jx ...[ " In first quadrant, y > 0]

Required area = area of the region OQRPO
= 2 (area of the region ORPO)

=2J5.yd.x
0

-2 (545)

3
10045

3
5B i o
AC )
P N
From the following information find the area of the

shaded region.

1.

sq. units

J1111ll]
LA,

(Textbook page no. 158)

Y (Textbook page no. 158)
Y
P__)*=16x
x=4
X' X
O (4, 0)
Q
YI
(Textbook page no. 159)
37
y=4
x> =16y
y=
X'« » X
O
{(, (Textbook page no. 159)
Y
i _ .2
yTX
y=4
X'« > X
O
Y’ (Textbook page no. 159)

6. By filling the boxes, find the area of the circle
x> +)* = 9 using integration.
By the symmetry of the circle, required area of
the circle is |:|times the area of the region
OPQO.
For the region OPQO, the limits of integration

arex=0andx=|:|.

Required area = 4(area of the region OPQO)

L]
=4jydx
0
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The area of the region (in square units) bounded
by the curve x*= 4y, line x = 2 and
X-axis is

A 1 (B 5

® 3

(© :

[SSRINN

3
The area of the region bounded by )* = 4x,

x =0, x =4 and the X-axis in the first quadrant
is

A) 16 ®
© 32 o =

Area bounded by the parabola y* = 2x and the
ordinates x=1,x=41is

(A) @sq.units (B) 28;/5

$q.units
©) %6sq.units (D) gsq. units

The area of the region bounded by the parabola
y* = 4ax and the line y = mx is

8a’ 8m’
A B
(A) 3m’ (B) 3a’
8a’ 8a’m’
O — D
© o &

The area bounded by the curves y* —x =0 and y
—x*=0is
7 1 5

A) — B) - c = D) 1
w5 ® 3 © 3 O
The area enclosed by y=3x - 5,y=0,x=3 and
x=51is
(A) 12 sq. units (B) 13 sq. units

<© 13 % sq. units (D) 14 sq. units

1

7. Area enclosed between the curve y = x?, the
Y-axis and the linesy=-1,y=11s
2
*) 0 ® 2
3 1
c = D) —
© 3 ©) 2

8. Area bounded by the curve y* = 16x and line
.2
y=mx1Is E,thenm=
A 3 B) 4
© 1 D) 2

9. Area inside the parabola y* = 4ax between the
lines x = a and x = 4a is equal to
(A) 4a° (B) 8a’
2 2

(©) 56% (D) 35%

10. Area bounded by the lines y = x, x = -1,
x =2 and X-axis is

5 . 3 .
A)  =sq. unit B) = sq. unit
(A) 2squms (B) quums

©) % 5. units (D) %sq. units

@Q

Based on Exercise 7.1

1. Find the area of the region bounded by the
following curves, the X-axis and the given lines:

1. y=6x,x=1,x=5

i. y=x,x=1,x=4

iii.  y=3x+4,x=0,x=4

iv. y—-l=xx=-2,x=3

v. y=201-x,x=0,x=1

tvi. y=-2x,x=—-1,x=2

+2.  Find the area of the region bounded by the
parabola y* = 16x and the line x =4. [Mar 18]

3. Find the area of the circle x* + y* = 16.

2 2
+4.  Find the area of the ellipse x—2 + % =1.
a

[Mar 15]

2 2
5. Find the area of the ellipse % + yj =1.

Based on Miscellaneous Exercise — 7

1. Find the area of the region bounded by the curve
xy = 4, the X-axis and the lines x =2, x = 4.

2. Find the area between the parabolas y* = 16x
and x* = 16y.
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3. Find the area of the region bounded by the curve 6. Find the area of the region bounded by the curve
y = 4x” and the line y = 4. x* =36y, y=1,y=29 and the Y-axis.
. . o,y 7. Find the area of the region bounded by the
Z 4+ L=
4. Find the area of the ellipse T T 1. parabola yz — 8y and the line x = 2.
5. Find the area of the region bounded by 3y = x*,
the X-axis and x =3, x = 6.
) Topic Test (
Time: 1 hour Marks: 20
Q.1. (A) Choose the correct alternative. 2]
i. Area of the region bounded by the curve x* = y, the X-axis and the lines x = 1 and x =3 is
(A) % sq. units (B) % sq. units (C) 26 sq. units (D) 3 sq. units
ii.  The area enclosed by y = 2x, X-axis and linesx =0 and x = 3 is
(A) 65sq.units (B) 9 sq.units (C) 18 sq.units (D) 27 sq.units
(B) State whether the following statements are True or False. 2]
b a
i. The area bounded by the two curves y = f (x), y = g (x) and X-axis is If(x) dx — jg(x) dx‘ .
a b
ii.  The area of the portion lying above the X-axis is positive.
(C) Fillin the blanks [2]
1. The area of the region bounded by y = x, the X-axis and the lines x =0 and x = 4 is
ii.  The area of the region bounded by x = y*, the Y-axis and the lines y =0 and y =3 is
Q.2. Attempt the following. [4]
1. Find the area of the region bounded by the curve y = x*, the X-axis and the linesx =1, x =5
ii.  Find the area of the region bounded by the curve 2y + x = 8, the X-axis and the lines x=2,x=4.
Q.3. Attempt the following. [6]
i. Find the area of the region bounded by the curve x> = 16y, y = 1, y = 4, and the Y-axis lying in the
first quadrant.
ii. Find the area of the region bounded by the curve y = —2x, the X-axis and the lines
x=-1,x=2.
Q.4. Attempt any one of the following. (4]

ii.

2 2
Find the area of ellipse = +2— =1.
4 25

Find the area between the parabolas y* = 7x and x* = 7y.
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i Chapter 7: Applications of Definite Integration

16 3
s
" : =2 @®)
Activities for practice 3
3 = % $q. units
1. Required area = .[ ydx
1
4
_ j’xz dx 4. Required area = I xdy
1
1 . .
S = j4\/; dy
3 1 l 4 1
1 =4 [y2d
=3 3 -1 Jl‘y y
-l o]
3 —4 |2
26 . 3
-3 Sq. units. 2
3 3
=% J@-0p)
4 3
2. Required area = j y dx 8
f =—-(8-1)
. 3
= [2/x dx ~ 8
1 3
4 1
= ZJ.xE dx = ? sq. units
1
4
% 4
=2 % 5.  Required area =2 jx dy
- 0
2 4 4
407, 2 2 =2 [rdy
-1 | @ -] o
s 4
=3 6-D) =2 |2
-2 24
=4y -0
_ 28 . 3 ( )
=35 units )
=2
_ L ®
3. Required area = area of the region OQCPO 32 .
= 2 (area of the region OCPO) -3 s units
4
=2y dx
J» 6. i 4 i3
4 ii. 3 iv. 3
=2£4\/;dx v 9-x* vi. 9n
4
=8 [x> dx Multiple Choice Questions
0
4
x% . B 2. D 3. @B 4 (A
=38 5 5. B 6. (D) 7. (D) 8 (B
S 9. (C) 10. (A)
0
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4. 20 7 sq. units
5. 21sq. units
Based E ise7.1 .
Pasedon txerase /.X 6. 208 sq. units
. i 72sq unit ii.  22sq. unit 32
. . $q. units . = 5. units 7 = units
112 . . 15 .
11. —— Sq. units 1v. — Sq. units
9 2
T . s . L (A
V. B Sq. units V1. Sq. units i. (A) ii. (B)
1 . (B)
2. 5 54 units i False ii.  True
- ©
3. 167 sq. units N 8 sq.units
4. 7 ab sq. units ii. 9 sq.units
5. 6msq. units i % sq. units
Based on Miscellaneous Exercise — 7 ii. 5 sq.units
1. 4 log 2 sq. units 3. 1. 53—6 . units
7 256 sq. units il 5 sq. units
3 . .
4. 1. 107 sq. units
6 . .. .
3. 3 8q. units 1l ? sq. units

Download the solutions of the Topic Test by
scanning the given Q.R. Code.
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